A new family of trees, de ned in term of Young diagrams, is introduced. Values of central characters of the symmetric group are represented as a weighted enumeration of such trees. The proof involves a new decomposition theorem for representations corresponding to general shapes.
Introduction
Throughout this paper the base eld is of characteristic zero. Let and be partitions of n, let S be the corresponding symmetric group irreducible representation, and let be the value of its character at a conjugacy class of cycle type . The central character is de ned by c := jC j (1 n ) ; where jC j is the size of the conjugacy class of cycle type . The central characters of the symmetric group are integer valued. The goal of this paper is to give a combinatorial interpretation to the value of the central characters of cycles c (k;1 n?k ) .
A new family of graphs is introduced. For any subset D of boxes in a given Young diagram ] (or: of elements in the lattice Z 2 ), de ne a Young graph, ? = ?(D), as follows: ?(D) is the graph whose set of vertices is D, where there is an edge between two boxes in D i they are in the same row or column, and there is no box of D between them. In other words, ((i 1 ; j 1 ); (i 2 ; j 2 )) 2 D 2 is an edge i one the following two conditions holds:
(i) i 1 = i 2 , and there is no j 3 such that j 1 < j 3 < j 2 and (i 1 ; j 3 ) 2 D; (ii) j 1 = j 2 , and there is no i 3 such that i 1 < i 3 < i 2 and (i 3 ; j 1 ) 2 D.
If the resulting graph is a tree we call it a Young tree. The order of a Young graph (tree) is the number of vertices in the graph. Trace formula. See F,I] .
The proof of the main theorem combines techniques from graph theory and from the (ordinary) representation theory of the symmetric group. In particular, it involves generalized Specht modules, which were introduced in JP] and further studied in RS] .
The rest of the paper is organized as follows. Basic properties of central characters are described in Section 2. In Section 3 two lemmas are stated. The main theorem is an immediate consequence of these lemmas. The rst lemma connects the computation of central characters to weighted enumeration of Young graphs. This lemma is proved in Section 4. The second lemma shows that it su ces to consider Young trees. This lemma is proved in Section 6. The proof applies a new decomposition theorem for generalized Specht modules which is presented in Section 5.
Central Characters
This section contains basic lemmas on central characters of ordinary representations, most of them are well-known .
Central Characters of IC Groups
In this subsection the base eld is C. Let G be a nite group, let C be a conjugacy class in G. Let ' be a representation of G, ' 2 In particular, the symmetric group is an IC group. Hence, its central characters are integers. An independent proof of this assertion is given in the next subsection. The following easy fact is helpful. is not connected then pq is not a cycle.
Central Characters of the Symmetric Group
It follows that in order to prove Lemma 3.2 it su ces to prove the following. Hence, if p is not of cycle type r Q (supp(pq)) then there is a row in the subset of boxes labeled by supp(pq), such that the action of p on it consists of at least two cycles. Then, since there are no cycles in ? Q (pq), the action of pq on supp(pq) consists of at least two cycles. By de nition, there is no xed point of pq in supp(pq). Hence, pq consists of at least two cycles of length > 1. In particular, pq is not a k-cycle. Similarly, for q whose cycle type is not c Q (supp(pq)).
Corollary 4.2. For any Young tree T of order k (i)
weight(T ) = #f(p; q) j p 2 Q r ; q 2 Q c ; pq 2 C k ; ? Q (pq) = Tg
(ii) For any pair (p; q) which appears in the set of the RHS of (i)
Proof. Any pair (p; q) in the set f(p; q) j p 2 Q r ; q 2 Q c ; pq 2 C k ; ? Q (pq) = Tg satis es the conditions of Lemma 4.1. Hence, pq is a k-cycle i p is of cycle type r (T ) and q is of cycle type c (T ). The number of pairs of permutations with these cycle types (and a given support) is weight(T). This proves (i). Let P be a tableau of shape (m; 1 k?m ). Then there exists a C S k ]-isomorphism # from C S k ]e P to J. By Maschke's Theorem, there is a left ideal K of C S k ] with C S k ] = C S k ]e p K, so # may be extended to be a C S k ]-homomorphism from C S k ] to J, by letting # be zero on K. Let r := #(1). Then #(e P ) = e P #(1) = e P r:
The sign of any q of cycle type c (T ) is sign(T ). This proves (ii
In particular, J = C S k ]e P r and e P r 6 = 0.
It is well known that e 2 P is a non-zero multiple of e P (wherever P is a Young tableau whose shape is a partition). Therefore, (5:2) e P J = e P C S k ]e P r 6 = 0: Combining (5.1) and (5.2) we obtain e P C S k ]e Q 6 = 0:
Equivalently, This implies that the letters in the rst column of P appear in di erent rows of Q 00 . In particular, height(P ) height(Q 00 ) = height(Q):
We conclude that k+1 = m+(k?m+1) = width(P )+height(P ) width(Q)+height(Q) < k+1:
Contradiction. The second equality follows from the induction hypothesis.
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The following lemma is well known. 
